This paper deals with a new conception ''dual Bézier triangle'' and we develop a method for drawing a rational tensor product Bézier surface with two rational Bézier triangles. We also give a method for drawing a rational Bézier triangle with a rational tensor product Bézier surface.
Introduction
Rational Bézier triangle is widely used as a fundamental modeling tool in many CAD systems. However, the methods for drawing standard rational surfaces, such as sphere and torus, with rational Bézier triangles are not so popular. In 1987, Farin, Piper and Worsey represented the octant of a sphere as a non-degenerate rational Bézier triangle by using the stereographic projection. Since we need to choose a suitable center of projection to get the proper rational parametrization, we are not always able to apply their method to represent a rational surface as a rational Bézier triangle. Thus we give a different method for drawing rational surfaces with rational Bézier triangles in Section 2 and Section 3. And as by-products of our conception in these sections, we give conversion formulae between rational tensor product Bézier surfaces and rational Bézier triangles in Section 4.
Rational Parametrizations in Bézier Form
First we define rational hypersurfaces and their rational parametrizations. Let n ! 2. Given an irreducible (n þ 1)-variate polynomial f ðx 1 ; . . . ; x nþ1 Þ with real coefficients, let Vð f Þ denote the set of all zeros of f in R nþ1 . The set Vð f Þ is called a rational hypersurface if there exist n þ 2 polynomials c 1 ðt 1 ; . . . ; t n Þ; . . . ; c nþ1 ðt 1 ; . . . ; t n Þ; dðt 1 ; . . . ; t n Þ; in t 1 ; . . . ; t n with real coefficients which satisfy 
with the understanding that if w i 1 ÁÁÁi nþ1 ¼ 0, then w i 1 ÁÁÁi nþ1 b i 1 ÁÁÁi nþ1 is to be replaced by b i 1 ÁÁÁi nþ1 . Let e k be a standard unit vector in R nþ1 , whose k-th coordinate is 1. The control points b i 1 ÁÁÁi nþ1 and b j 1 ÁÁÁ j nþ1 are said to have neighboring indices if ði 1 ; . . . ; i nþ1 Þ À ðj 1 ; . . . ; j nþ1 Þ is equal to some e p À e q . The net obtained by joining control points that have neighboring indices is called the control net. When n ¼ 1, we call Tðt 1 Þ the rational Bézier curve of degree m, and when n ¼ 2, we call Tðt 1 ; t 2 Þ the rational Bézier triangle of degree m.
When all weights are positive, Tðt 1 ; . . . ; t n Þ is in the convex hull of the control net, since all B m i 1 ÁÁÁi nþ1 ðt 1 ; . . . ; t n Þ are non-negative on (13). This is a desirable situation to handle Tðt 1 ; . . . ; t n Þ with the control net. This property is called the convex hull property.
From Theorem 2.2, the rational parametrization (8) has the Bézier representation (12), where the weights w j 1 ÁÁÁ j nþ1 are given by (11) and the control points b j 1 ÁÁÁ j nþ1 are given by
with the understanding that if w j 1 ÁÁÁ j nþ1 ¼ 0, then 1=w j 1 ÁÁÁ j nþ1 is to be replaced by 1. We are interested in drawing rational surfaces by representing their rational parametrizations in Bézier forms and from now on we only deal with rational surfaces, that is the case of n ¼ 2. Note that the rational parametrizations we choose for rational surfaces must be defined over the domain D 1 ¼ fðu; vÞ 2 R 2 j 0 u; v 1; u þ v 1g of the rational Bézier triangle.
We shall give an example of drawing a rational surface with a rational Bézier triangle.
Example 2.3. We shall draw a part of the torus
obtained by revolving the circle
around the z-axis in R 3 , with a rational Bézier triangle. The torus (15) is a rational surface and has a rational parametrization of degree 4
which is defined over D 1 . We compute the Bézier representation X 
Hence from (11) 
:
Thus we can draw a part of the torus (15) with a rational Bézier triangle of degree 4. See Fig. 1 . Fig. 2 shows the control net.
Dual Rational Bézier Triangle
In the preceding section, we drew a part of a torus with a rational Bézier triangle. Now we want to draw the entire torus by pasting rational Bézier triangles together. To solve this question, we introduce a new conception ''dual rational Bézier triangle''.
Let D ¼ fðu; vÞ 2 R 2 j 0 u; v 1g and let Tðu; vÞ be a rational parametrization defined over D. Note that
We regard Tðu; vÞ as a mapping T from D to R 3 . Then we can draw the image TðD 1 Þ of D 1 by T with a rational Bézier triangle. To draw the entire image TðDÞ, we need another rational Bézier triangle T Ã ðu; vÞ which corresponds to D 2 . Since ð1 À u; 1 À vÞ moves in D 2 when ðu; vÞ moves in D 1 , we put T Ã ðu; vÞ ¼ Tð1 À u; 1 À vÞ. Let w ijk , b ijk and m be the weights, the control points and the degree of Tðu; vÞ. Then we have the following theorem. 
with the understanding that if w
Ã pqr is to be replaced by 1. Proof. Hence we have 
Thus we can draw a part of the torus (15), which is the image of D 2 by the rational parametrization (16), with a dual rational Bézier triangle of degree 4. See Fig. 3 . Fig. 4 shows the control net.
From (18), (19), (23) and (24) Thus we can draw the octant of the inner half of the torus (15) with two rational Bézier triangles of degree 4. By revolving and reflecting the octant, we can draw the entire inner half of the torus (15) with 16 rational Bézier triangles of degree 4. Similarly, if we choose a rational parametrization
for the torus (15), we can draw the octant of the outer half of the torus (15) with two rational Bézier triangles of degree 4 and the entire outer half of the torus (15) with 16 rational Bézier triangles of degree 4. Consequently, the torus (15) is drawn entirely with 32 rational Bézier triangles of degree 4.
In Section 5, we will draw a torus and a sphere entirely with two rational Bézier triangles respectively.
Relation between Rational Bézier Triangles and Rational Tensor Product Bézier Surfaces
Another type of Bézier representation for rational parametrization is defined with univariate Bernstein polynomials. We define the rational tensor product Bézier surface Xðu; vÞ of degree ðm; nÞ with control points 
Hence B is a basis of P ðm;nÞ 2 and any rational parametrization can be put in the form (25). Since P ðm;nÞ 2 is a subspace of P 
with the understanding that if w abc ¼ 0, then w abc in (31) is to be replaced by 1.
Proof. Since and since
we have (30). Similarly the equation (31) is proved. Ã Note that the rational tensor product surfaces are defined over D, so we also need the dual rational Bézier triangle X Ã ðu; vÞ of (29) to draw the rational tensor product surface Xðu; vÞ entirely. Since B 
with the understanding that if w Ã abc ¼ 0, then w Ã abc in the last equation is to be replaced by 1. Thus a rational tensor product Bézier surface of degree ðm; nÞ is converted into two rational Bézier triangles of degree m þ n. On the other hand, since P m 2 is a subspace of P ðm;mÞ 2 , we have the following theorem. 
with the understanding that if w ab ¼ 0, then w ab in (33) is to be replaced by 1.
Proof. Since where the weights w pq and the control points b pq are given by 
with the understanding that if w pq ¼ 0, then w pq in (35) is to be replaced by 1.
Proof. Note that 
from (28), we have 
Examples
In this section, we shall draw a torus and a sphere entirely with two rational Bézier triangles respectively. Let
(A) Torus Consider the torus
obtained by revolving the circle ðx À RÞ 2 þ z 2 ¼ r 2 ðR > r > 0Þ
around the z-axis in R 3 . The torus (37) is a rational surface and has the rational parametrization of degree 8 
